An investigation is presented of the use of finite element models in the time domain to represent a load moving on a railway track on a flexible ground. A systematic study is carried out to compare different sizes and shapes of finite element mesh, different boundary conditions intended for suppressing reflections from the truncated model boundaries, and different models of soil damping. The purpose is to develop guidance to assist in selecting appropriate finite element models for moving load problems. To prevent reflections from the boundaries of the finite domain two approaches are compared. A 40 m radius hemispherical finite element mesh has been used first with infinite elements around the perimeter. This approach gives good results for a point harmonic load at the centre of the domain but some problems are highlighted when it is used for moving load calculations. An alternative approach has therefore been investigated based on a cuboid mesh. The base was fixed to prevent rigid-body motions of the model and, rather than use infinite elements at the sides, these were also fixed. It is shown that, provided that a suitable damping model is used, the spurious reflections from the sides of the model can be suppressed if the model is wide enough. On the other hand, if infinite elements are used, the calculations are found to be considerably more costly with little added benefit. Different models of soil damping are also compared. It is shown that a mass-proportional damping model gives a decay with distance that is independent of frequency, making it particularly suitable for this application. The length of model required to achieve steady state has been investigated. For a homogeneous 2 half-space it is found that the required length increases considerably in the vicinity of the critical speed, up to 130 m in the present example, whereas for the layered ground a more modest length is sufficient for all speeds.
Introduction
Due to the demands of increasing population and environmental concerns, the high-speed train has become an important means of transportation in many countries. However, as the speed of trains approaches that of waves in the ground, track deflections can become large and severe vibration can occur [1] . This is particularly important on soft soil where the wave speeds in the ground are relatively low. For example, there has long been a speed restriction at Stilton Fen on the East Coast Mainline in the UK where the subgrade consists of peat with some clay to a depth of about 7 m. Measurements in 1993 showed that vertical rail deflections increased from about 6 mm to 12 mm when the speed was increased from 130 to 185 km/h [2] . In 1998, a site measurement was carried out at a location with very soft soil at Ledsgård, Sweden [3] , [4] . The vibration of the rail, embankment and ground induced by an X-2000 passenger train increased to very high levels when the train speed was increased to 200 km/h. The maximum amplitude of track vibration was around 15 to 20 mm which exceeded the limit for safety and stability. This phenomenon is known as critical velocity behaviour [5] . In planning new high speed lines, particularly in areas of soft soil, it is important to be able to assess potential critical velocity effects and to mitigate against them.
Therefore for railway engineering, models are required of moving loads on a track supported on ground.
In early research on the subject of track vibration due to moving loads, the ground was usually neglected or combined with the track model as part of a continuous damped elastic Winkler foundation [1] , [6] , [7] . In a different approach Eason [8] studied a moving point load applied on the surface of a three-dimensional semi-infinite homogeneous elastic solid. It was shown that the displacement becomes significant when the load speed approaches the Rayleigh wave speed. Krylov [9] , [10] included the track and showed that severe rail displacement would occur when the load speed is close to or exceeds the Rayleigh wave speed. Dieterman and Metrikine [11] , [12] studied a moving load acting on a finite-width beam supported by an equivalent stiffness to represent the half-space ground. This equivalent stiffness depends on frequency and the wavenumber of waves in the beam. Kaynia et al. [3] developed a model based on Kausel and Roësset's [13] layered ground model and extended this by using Dieterman and Metrikine's method to simulate the dynamic responses from a high-speed train. Good agreement was found between the results from the simulation and measurements at Ledsgård.
In many papers the track system is assumed to be continuously supported. Vostroukhov and Metrikine [14] compared track models with continuous and discrete supports and found that the response in the vertical direction due to excitation by the train is almost identical in these two cases. Knothe and Grassie [15] indicated that differences between the continuous and discrete support models only occur for calculation frequencies above 500 Hz in the vertical direction and 400 Hz in the horizontal direction.
Sheng et al. [16] - [18] developed a more complete analytical model for the coupled track/ground system. The track system included the rail, railpads, sleepers and ballast; this was coupled to a layered elastic ground. The solution was obtained in the wavenumber/frequency domain and included motion of the load. A similar analytical model of a three-dimensional track/ground system, including rail, pad, sleeper, ballast, subgrade and semi-infinite layered ground, was developed by Karlström and Boström [19] . Euler-beam theory was used for the rail whereas the sleepers in this case were assumed to be an anisotropic Kirchhoff plate; the layered ground was again modelled using linear viscoelastic layers. The solution was based on a Fourier transform in time and along the track direction.
The embankment vibration in the transverse direction was developed as a Fourier series, and the vibration in the half-space was obtained by a Fourier transform. Recently Costa, et al. [20] developed a simplified approach to assess the critical speed based on Sheng's model which showed good accuracy and has good computational efficiency.
As well as these analytical methods, a wavenumber finite element/boundary element (FE/BE) model was introduced by Sheng et al. [21] and a similar 2.5D FE/BE track-ground model was introduced by François et al. [22] . Both of these methods used finite elements to model the track and boundary elements to model the soil and they operate in the frequency domain. The use of boundary elements allows the infinite medium to be included, avoiding reflections at the edge of the modelled domain. As an alternative, a 2.5D finite element/infinite element method was developed by Yang et al. [23] and used to study the transmission of vibration induced by trains moving at different speeds [24] . Again, the infinite elements are used to minimise the influence of the domain boundaries.
As has been seen, many of these models involve calculations of the dynamic response in the frequency domain or involve a transfer from the frequency to the time domain by means of a Fourier transform. This approach is restricted to linear steady-state problems In order to include non-linear effects in the track or soil, or transient effects, a time-domain approach will be required [25] . A number of authors, e.g. [25] - [27] , have used the finite element method for modelling ground-borne vibration induced by high-speed trains in order to consider soil nonlinearity. However, modelling the unbounded medium is the most difficult issue with such a method. Wave reflections will occur at the boundaries, which can influence the results unless a very large model is applied [28] , [29] .
A special technique, called the moving finite element method, was developed by Lane et al.
[30] to model the track/ground response due to a moving vehicle. In this approach the soil material moves relative to the FE mesh after a certain number of time steps, so that the vehicle does not need to move relative to the mesh. This gives a better efficiency and smaller demand of model size. However, this approach is complicated and difficult to embed in commercial software An alternative, in which an artificial boundary is created to absorb the reflections, has been widely implemented in finite element modelling of ground-borne vibration induced by moving dynamic loads. A three-dimensional finite element model with three-dimensional viscoelastic dynamic artificial boundary was implemented by Zhai et al. [31] and Shan et al. [32] . However, the accuracy of such a viscoelastic artificial boundary is very sensitive to the spring stiffness acting in the radial direction, which can result in severe oscillation.
Furthermore, the geometry of the boundary is still an important issue.
The perfect matching layer approach was implemented by Wang et al. [33] to investigate the vibration from maglev train-guideway-tunnel-soil interaction. A special scheme that uses several layers of elements with increasing size and material damping to attenuate the incident wave was implemented by Gardien et al. [34] to investigate the element size, soil stiffness, damping, boundary conditions and finite element method software for soil vibrations from railway tunnel. However, the parametric study was based on a two-dimensional model and the assessment of critical speed effect was not investigated. A time-dependent absorbing boundary was developed by Ju et al., for complex modelling and good agreements were found compared with site measurements [35] , [36] . Dashpot absorbing elements have been commonly used in combination with the finite element method due to their simple theory and good absorption ability [37] and these have been implemented in the commercial FE software ABAQUS [38] . Kouroussis [39] , [40] produced a model of the track/ground system using a hemispherical finite element model of the soil together with the infinite elements in ABAQUS; good agreement was found compared with the results from measurements [39] , [41] . A similar approach was used by Connolly et al. [42] in which a coupled vehicle/track/ground interaction model was implemented in ABAQUS. The ground was modelled using an elongated hemisphere in order to limit the depth of the model.
Calculations were performed in the time domain and were verified using experimental data.
Other studies have used a cuboid FE models combined with infinite elements to determine the dynamic response from the train-track system by using a similar approach [43] - [46] .
None of these artificial boundaries allow the incident wave to be transmitted perfectly at the boundary in every situation. Specific restrictions are required for different artificial boundary models to obtain better accuracy. The infinite element method (dashpot absorbing elements) is chosen as an example here to investigate the use of the commercial software, ABAQUS.
The infinite element method has become popular as a means of simulating an infinite domain due to its simplicity and the ease with which it can be combined with the finite elements.
Furthermore, it can be used both in the time and frequency domains and soil nonlinearity can readily be considered within the FE domain. However, the absorption efficiency of the infinite elements relies on the domain geometry. Usually they should be located in the far field and orientated perpendicular to the incident wave field. Even though an improved development of this method was introduced in [47] by modifying the expression of the energy ratio, the results are still strictly related to the incident angle of the wave propagation.
Furthermore, a small reflected component may still exist due to this non-perfect absorption, requiring a larger model to obtain improved accuracy [39] .
Another issue has been found when modelling a moving load in the time domain by using the FE method [44] , [45] . It is found that the response to the moving load requires a certain length of calculation for the waves to develop fully which depends on the geometrical spreading and the propagation velocities of the different waves. Consequently, the results at the end of the model are usually used as being more representative of the actual response.
However, the distance required varies with the speed of the travelling load as well as the soil properties.
The purpose of the current study is to investigate the influence of the finite element modelling strategy on the results for a moving load on a track/ground system. In particular, a systematic study is carried out to compare different sizes and shapes of finite element mesh, as well as different boundary conditions of the truncated model intended for suppressing reflections, and different models of soil damping. The purpose is to use models of relatively simple geometry to develop guidance to assist in selecting appropriate models for moving load problems that can give reliable results without requiring excessive computation times.
Although the study is based on using a commercial software package, the issues addressed are not specific to this software. A hemispherical mesh is first considered with infinite elements around the boundary of the mesh. This is compared with alternative strategies based on a cuboid mesh with and without infinite elements. An investigation is carried out into the size of model required to obtain steady-state results in the time domain. Different damping models for the soil are also compared and results are presented for both a homogeneous soil and a layered soil. Comparisons are made with an established 2.5D FE/BE model which provides the steady-state response [21] .
Numerical models
A three-dimensional time domain track/ground model is presented that has been developed in the FE software ABAQUS. The infinite elements used in ABAQUS are introduced in Section 2.1. Two different types of ground mesh are compared, as described in Sections 2.2 and 2.3.
In each case the mesh has been produced, including the corresponding infinite elements, by using dedicated Python code to allow different sizes of mesh to be generated automatically.
The track model is introduced in Section 2.4 including the values of the various parameters and the element types used. A wavenumber FE/BE model used for comparison is described in Section 2.5.
Viscous boundaries
The local transmitting boundary based on the formulation by Lysmer and Kuhlemeyer [37] is used for the infinite element in ABAQUS in order to minimise wave reflections from the boundary of finite element domains. The incident waves are absorbed at the boundary by many infinitesimal dashpots which are orientated normal and tangential with respect to the boundary. These are designed to absorb plane waves, considered independently in three directions, by defining distributed equivalent dampers on the boundary. These can be defined in terms of load coordinates (x, normal and y, z tangential) as [38] 
where  is the material density and p c , s c are the wave speeds of the P-wave (longitudinal wave) and the S-wave (shear wave). These relations can be derived by assuming linear elastic stress-strain relations and zero wave reflection at the boundary for an incident plane wave of each type. In reality the incident field is not a plane wave and this leads to some residual reflection from the boundary [37] , [38] .
Hemispherical ground mesh
In the first type of mesh considered here, the ground is represented as a hemisphere of finite elements surrounded by infinite elements, as shown schematically in Fig A layer of eight-node brick elements is arranged around the perimeter of the ground to interface with the infinite elements, as shown in Fig. 1 
(b).
In wave propagation problems, the element size should be selected according to the highest frequency in the simulation. Higher frequencies correspond to smaller wavelengths, so the maximum element size should be chosen according to the maximum frequency of interest.
The maximum element size is controlled by the shear wavelength s  ; generally at least 6 elements are required per wavelength, although some authors suggest higher numbers [48] , [49] 
where l e is the maximum element length. Consequently, due to the relationship between wavelength and frequency, the upper limit of the frequency range can be derived as 
where l e is the minimum element length.
Two different sets of ground parameters are considered as examples. The first represents a soft homogeneous half-space with a shear wave velocity of 60 m/s and corresponding Rayleigh wave speed of 57 m/s. The properties of the ground are listed in Table 1 . The second represents a layered half-space with a 2 m deep layer of soft soil over a stiffer halfspace. The properties of this soil are listed in Table 2 . Although these soil properties are not related to a particular location they are chosen to represent a site with a low critical velocity similar to Ledsgård. In the hemispherical mesh considered here the infinite elements are expected to give good absorption for circular propagating wavefronts that impinge perpendicular to the boundary [37] , [38] , as indicated in Fig. 1(b) . However, this has the disadvantage that the mesh is more complex. Moreover, for a moving load problem the load is not concentrated at the centre but moves across the upper surface of the ground. For these reasons a cuboid mesh is also considered, as described in the next section.
Cuboid ground model
Modelling the ground as a cuboid, as shown in Fig. 2 , allows a regular mesh to be used which is much simpler to generate than for the hemispherical mesh. Again, use is made of symmetry in the x-y plane. Two different types of model are considered. In the first, a fixed boundary is used on the bottom and on each side, as shown in Fig. 2(a) , whereas, in the second, infinite elements are placed on the face opposite the symmetry plane, as shown in Fig. 2(b) . The infinite elements are not considered at the front and back surfaces as smaller effects are expected from reflections from this direction; this will be discussed further in Section 5. For use with the hemispherical ground model, four-node tetrahedral elements are used for the ballast for compatibility with the ground surface, as shown in Fig. 3(a) . Tie constraints are used between the sleeper and ballast as this provides a simple way to bond the surfaces together without requiring the meshes to match. This constraint prevents the slave nodes from separating or sliding relative to the master surface; therefore, there are no relative displacements between the two surfaces. However, for use with the cuboid ground model, 20-node fully integrated brick elements are used for the ballast, as shown in Fig. 3(b) and there is no need for tie constraints as the meshes are compatible.
The parameters used for the track are listed in Table 3 . Homogeneous material properties are used for the whole track model except the sleepers. The sleepers are represented by an equivalent continuous layer along the axial direction, with the density and Young's modulus factored by the ratio of the sleeper width (0.25 m) to the spacing (0.6 m). The sleepers are modelled using a transversely isotropic material so that they have no bending stiffness in the axial direction. 
Wavenumber finite element and boundary element method
The wavenumber FE/BE method is a so-called 2.5D approach which is based on the assumption that the geometry in the longitudinal direction is invariant [21] . This has been implemented in software known as WANDS [52] . This has been used here to obtain solutions for the steady-state response to a moving load and to a static harmonic load for comparison with the FE models. The cross-section of the track/ground model used is shown in Fig. 4 where û and u are the displacement functions in space and wavenumber domain, respectively. Δβ is the wavenumber spacing (or resolution), β max is the maximum wavenumber. These two parameters need to be chosen carefully to obtain reliable results. The resolution depends on the chosen wavenumber which has to be fine enough to capture the peaks in the integrand. However, the maximum wavenumber should be large enough to cover all the relevant waves at the frequencies of interest. Here β max is set to 6.42 rad/m and Δβ is chosen to give 1024 wavenumbers over the range from -β max to β max . 
Rayleigh damping
The damping of the ground is often expressed in terms of a constant loss factor, e.g. [21] , [24] , as this corresponds well to field measurements. Such a damping model is usually called structural damping in which the damping is introduced as a complex valued shear modulus (and Young's modulus) leading to complex wave propagation velocities [43] . However, in the time domain, such a model leads to non-causal response. Therefore, a viscous damping model, based on Rayleigh damping, is used here for the calculations with the FE model. The Rayleigh damping is based on two parameters  and , which allow the damping matrix C to be determined from the mass and stiffness matrices, M and K:
This allows the equivalent loss factor  or damping ratio  to be obtained as a function of frequency as
where  is the circular frequency at which the loss factor  applies. In order to compare this damping model with the one for a constant loss factor, they can be set equal to one another at a single frequency, or possibly two frequencies. In general these frequencies are usually chosen to correspond to a resonance frequency of the system, due to the importance of the damping at resonances. However, in the present case of a moving load applied on a halfspace the results do not exhibit resonance phenomena and the choice of frequency is somewhat arbitrary.
A stiffness-proportional Rayleigh damping, equivalent to a Kelvin-Voigt damping, can be obtained by setting  equal to zero [41] , [42] . Conversely, mass-proportional Rayleigh damping can be obtained by setting  equal to zero [43] . A combined Rayleigh damping can be obtained by fitting the damping ratio to that measured at the site, as adopted by Hall [44] .
Here, a constant loss factor of 0.05 is assumed in the wavenumber FE/BE model. Five different levels of Rayleigh damping are used: two with stiffness-proportional damping, two with mass-proportional damping and one combined case. These are based on fitting to a loss factor of 0.05 at either 12.5 Hz or 3 Hz, as shown in Fig. 5(a) .
For a layered ground, when the travelling load speed is higher than the Rayleigh wave speed in the upper layer, an oscillation can be found behind the load [16] . The frequency of this oscillation can be identified approximately from the results of a static harmonic load in the frequency domain, discussed in Section 4.2 below. For the case of the layered half-space considered here, this oscillation is found at about 10 Hz and this is used as the dominant frequency at which to calculate the value for the viscous damping. Three different combinations of  and  are used here for the layered half-space model, as shown in Fig. 5(b) .
(a) (b) Figure 5 . Equivalent loss factor (a) for half-space ground; (b) for layered half-space ground.
Decay with distance for different damping models
For a plane harmonic wave at circular frequency  propagating in an elastic medium at a constant wave speed c, the wavenumber k is given by k = /c. In the presence of damping with a damping ratio  the wavenumber becomes complex with the form 
For the case of a constant loss factor  = 2, the decay with distance is found to be expected that mass-proportional damping will be equally effective at suppressing reflections from the domain boundaries at all frequencies, whereas stiffness-proportional damping will be ineffective at low frequencies.
Harmonic analysis
Before considering a moving load, a static harmonic load is applied at the centre of each ground model to investigate the influence of the boundaries in each case. Furthermore, the effect of different damping models is compared.
Homogeneous half-space ground
A unit harmonic load is applied on the rail at the midpoint of each homogeneous half-space model. Here the oscillations at low frequency are much reduced and they become similar at all frequencies. Very good agreement can be seen in Fig. 7 (c) whereas small oscillations (1 dB)
can still be found in Fig. 7(d) . The value of damping used in Fig. 7(d) can be considered just sufficient as a reduction of 6 dB is expected after 80 m (i.e. the distance to the boundary and back), see Section 3.2. In Fig. 7(e) s, gives good results across the whole frequency range with only a small oscillation (equivalent to less than 1 dB) at low frequency. This is therefore used for the moving load example in Section 5.
Homogeneous layered half-space ground
For the layered half-space, the receptance due to a harmonic load applied at the centre of the track is shown in Fig. 8 . Unlike the homogeneous half-space ground, a clear peak can be seen at around 10 Hz. Compared with the wavenumber FE/BE model, the result based on the combined stiffness-and mass-proportional damping gives the best agreement and so this will be used for the moving load calculations. 
Moving load analysis
To investigate the effect of load speed on the response, a moving 1 N load is applied with constant speed on the different track/ground models. .
Homogeneous half-space ground with hemispherical mesh
Initially the half-space ground is considered with a hemispherical FE mesh bounded by infinite elements. Three different sizes of model are compared, with radius 10 m, 20 m and 40 m. The soil properties are as listed in Table 1 and the track properties as listed in Table 3 .
The damping model uses =0.98 s -1 , =0.000159 s. The load is applied at a short distance away from one end of the rail (which is itself 1 m away from the boundary in hemispherical mesh) to avoid the boundary effect and the model is brought to equilibrium. Then it is moved with constant speed until it reaches a point again the same distance away from the other end.
Due to the use of infinite elements around the perimeter of the hemispherical mesh, the ground model is unconstrained statically. This is a consequence of the characteristics of the infinite elements, which resemble a dashpot (see Eq. (2)). Consequently it is found that, as the load traverses the track, the whole ground model tends to rotate and translate downwards, as indicated schematically in Fig. 9 . However, this behaviour is artificial and can lead to misleading results, as discussed further in [53] . The displacement time histories at five different locations on the rail are shown in Fig. 10 significantly towards the boundary when the 10 m radius is used. However, this spurious phenomenon is considerably reduced when larger models are used due to the increase in inertia. Moreover, the effect can be minimised by plotting the displacement at the centre of the mesh, x = 0. However, these effects are only avoided completely by using a mesh with a fixed boundary at the bottom. However, significant differences can be seen when the load speed is close to the critical speed of 57 m/s. The maximum deflection increases as the size of the model is increased, but it does not reach the value found for the wavenumber FE/BE model, suggesting that the length of the FE mesh used is insufficient to achieve convergence. Furthermore, the angle between the deformed region and the mid plane increases during the simulation. This development of the wavefronts depends on the geometrical spreading of the waves and the propagation velocities of the different waves [44] , [45] . It is therefore important that a sufficiently long model is used to achieve steady-state results. The evidence presented suggests that 40 m is not sufficient. Increasing the size of the hemispherical mesh further is inefficient as the depth must become larger as well as the length. The effect of mesh size will therefore be investigated further below using the cuboid mesh. Fig. 14(a) , no reflection is found from the boundary when the load speed is less than the critical speed. In this case the deflection remains localised close to the track and does not spread out towards the boundary. However, a small feature can be seen before the load arrives at the observation point. This can be identified as being caused by the Rayleigh wave propagating from the start point to the observation point. On the other hand, a clear reflection from the side boundary can be seen when the load speed is higher than the critical speed, as shown in Fig. 14(b) . When the load travels faster than the Rayleigh wave speed, the wave propagates at a certain angle to the track towards the side boundary and is reflected back at the same angle, as shown in Fig. 15 . Therefore, the time of arrival of the reflected wave can be found as 21 2 tan
where 1 t is the time of arrival of the wave at the observation point, and 2 t is the time of arrival of the reflection at the observation point, as shown in Fig. 15 . V is the load of the speed,  is the Mach angle, which can be calculated as
and W is the width of the model, which is 20 m in this case. times required for the moving load problem when using three different ground models is given in Table 4 . These simulations were run in parallel using 16 processors on a supercomputer, iridis 4, which has 2.6 GHz processors with 4 GB of memory per processor.
The 40 m wide model without infinite elements is thus preferred to the model with infinite elements. The distance required to converge to the steady-state is plotted in Fig. 18 The length required to reach steady state is shown in Fig. 21(a) for the layered ground. The required model size is much smaller than for the homogeneous half-space, especially at the critical speed. In Fig. 21(b) the maximum displacement is plotted against load speed. Good agreement can be seen compared with the results from the wavenumber FE/BE model. The results in the spatial domain at four different speeds are shown in Fig. 22 ; these results also agree well with the results from wavenumber FE/BE. The critical speed for the layered halfspace ground is identified as 82.5 m/s, which is higher than for the homogeneous half-space and higher than the Rayleigh wave speed in the soft soil layer. A 40 m radius hemispherical finite element mesh has been used first, with infinite elements around the perimeter to prevent reflections from the boundaries. This approach gives good results for a point harmonic load at the centre of the domain but some problems have been highlighted when it is used for moving load calculations. First, the infinite elements are less effective at reducing reflections when the load is close to the edge of the mesh, which is inevitable for a moving load. Second, the constant downward load applied to the track causes rigid-body deflections including rotation of the whole domain. It is difficult to eliminate this, although the problem is reduced as the mesh size increases due to the increased inertia of the ground model. Third, near the critical speed the hemispherical mesh used was found to be too short to allow the steady-state response to the moving load to be achieved. It is therefore desirable to have a larger domain but this becomes impractical with a hemispherical mesh as it increases in size in three directions.
An alternative approach has therefore been investigated based on a cuboid mesh. Suitable dimensions were found to be 30 m deep and 40 m wide (from the centreline). The required length depends on the proximity of the load speed to the critical speed. The base was fixed to prevent rigid-body motions and, rather than use infinite elements at the sides, these were also fixed. Provided that a suitable damping model is used the spurious reflections from the sides of the model can be suppressed with this width of model. On the other hand, if infinite elements are used the model does not need to be so wide but the calculations are found to be considerably more costly.
Different models of soil damping have been considered. A classical Kelvin-Voigt viscous damping model, in which the damping matrix is proportional to the stiffness matrix, suffers from spurious reflections at the domain boundaries at low frequencies. A mass-proportional damping model, on the other hand, is shown to give a decay with distance that is independent of frequency making it particularly suitable for this application. In order to approximate a constant loss factor, often found in field measurements of soil damping, a combination of mass-and stiffness-proportional damping can be used. In the case of the layered ground this damping model can be equated to a particular loss factor at the resonance frequency of the ground layer but with a homogeneous half-space there is no obvious dominant frequency at which to match the two damping models.
The length of model required to achieve steady state is found to increase considerably in the vicinity of the critical speed for a homogeneous half-space, up to 130 m in the present example, whereas for the layered ground a more modest length is sufficient even at the critical speed.
